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𝜙 = 150°  𝑒 𝜃 = 49°  

𝜙 = 76°  𝑒 𝜃 = 245°  

𝜙 = 76°  𝑒 𝜃 = 155°  

𝜙 = 60°  𝑒 𝜃 = 229°  

𝜙 = 68° 𝑒 𝜃 = 57°  

𝜙 = 60° 𝑒 𝜃 = 49°  

𝜙 = 76°  𝑒 𝜃 = 65°  

𝜙 = 60°  𝑒 𝜃 = 49°  

𝜙 = 60°  𝑒 𝜃 = 49°  

𝜙 = 60°  𝑒 𝜃 = 49°  

𝜙 = 60°  𝑒 𝜃 = 49°  

𝜙 = 68°  𝑒 𝜃 = 57°  

𝜙 = 68°  𝑒 𝜃 = 57°  

𝜙 = 68°  𝑒 𝜃 = 57°  

𝜙 = 68°  𝑒 𝜃 = 57°  

𝜙 = 76°  𝑒 𝜃 = 65°  

𝜙 = 76°  𝑒 𝜃 = 65°  

𝜙 = 76°  𝑒 𝜃 = 65°  

𝜙 = 76°  𝑒 𝜃 = 65°  

𝜙 = 68° 𝑒 𝜃 = 147°  



𝜙 = 60°  𝑒 𝜃 = 139°  

𝜙 = 76°  𝑒 𝜃 = 155°  

𝜙 = 60°  𝑒 𝜃 = 139°  

𝜙 = 60°  𝑒 𝜃 = 139°  

𝜙 = 60°  𝑒 𝜃 = 139°  

𝜙 = 60°  𝑒 𝜃 = 139°  

𝜙 = 68°  𝑒 𝜃 = 147°  

𝜙 = 68°  𝑒 𝜃 = 147°  

𝜙 = 68°  𝑒 𝜃 = 147°  

𝜙 = 68°  𝑒 𝜃 = 147°  

𝜙 = 76°  𝑒 𝜃 = 155°  

𝜙 = 76°  𝑒 𝜃 = 155°  

𝜙 = 76°  𝑒 𝜃 = 155°  

𝜙 = 76°  𝑒 𝜃 = 155°  

𝜙 = 68° 𝑒 𝜃 = 237°  

𝜙 = 76° 𝑒 𝜃 = 245°  

𝜙 = 60° 𝑒 𝜃 = 229°  

𝜙 = 60°  𝑒 𝜃 = 229°  

𝜙 = 60°  𝑒 𝜃 = 229°  

𝜙 = 60°  𝑒 𝜃 = 229°  

𝜙 = 60°  𝑒 𝜃 = 229°  

𝜙 = 68°  𝑒 𝜃 = 237°  

𝜙 = 68°  𝑒 𝜃 = 237°  

𝜙 = 68°  𝑒 𝜃 = 237°  

𝜙 = 68°  𝑒 𝜃 = 237°  

𝜙 = 76°  𝑒 𝜃 = 245°  

𝜙 = 76°  𝑒 𝜃 = 245°  

𝜙 = 76°  𝑒 𝜃 = 245°  

𝜙 = 76°  𝑒 𝜃 = 245°  

𝜙 = 68° 𝑒 𝜃 = 327°  

𝜙 = 76° 𝑒 𝜃 = 335°  

𝜙 = 60° 𝑒 𝜃 = 319°  

𝜙 = 60°  𝑒 𝜃 = 319°  



𝜙 = 60°  𝑒 𝜃 = 319°  

𝜙 = 60°  𝑒 𝜃 = 319°  

𝜙 = 60°  𝑒 𝜃 = 319°  

𝜙 = 68°  𝑒 𝜃 = 327°  

𝜙 = 68°  𝑒 𝜃 = 327°  

𝜙 = 68°  𝑒 𝜃 = 327°  

𝜙 = 68°  𝑒 𝜃 = 327°  

𝜙 = 76°  𝑒 𝜃 = 335°  

𝜙 = 76°  𝑒 𝜃 = 335°  

𝜙 = 76°  𝑒 𝜃 = 335°  

𝜙 = 76°  𝑒 𝜃 = 335°  

𝜙 = 158° 𝑒 𝜃 = 57°  

𝜙 = 166° 𝑒 𝜃 = 65°  

𝜙 = 150° 𝑒 𝜃 = 49°  

𝜙 = 150°  𝑒 𝜃 = 49°  

𝜙 = 150°  𝑒 𝜃 = 49°  

𝜙 = 150°  𝑒 𝜃 = 49°  

𝜙 = 150°  𝑒 𝜃 = 49°  

𝜙 = 158°  𝑒 𝜃 = 57°  

𝜙 = 158°  𝑒 𝜃 = 57°  

𝜙 = 158°  𝑒 𝜃 = 57°  

𝜙 = 158°  𝑒 𝜃 = 57°  

𝜙 = 166°  𝑒 𝜃 = 65°  

𝜙 = 166°  𝑒 𝜃 = 65°  

𝜙 = 166°  𝑒 𝜃 = 65°  

𝜙 = 166°  𝑒 𝜃 = 65°  

𝜙 = 158° 𝑒 𝜃 = 147°  

𝜙 = 166° 𝑒 𝜃 = 155°  

𝜙 = 150° 𝑒 𝜃 = 139°  

𝜙 = 150°  𝑒 𝜃 = 139°  

𝜙 = 150°  𝑒 𝜃 = 139°  

𝜙 = 150°  𝑒 𝜃 = 139°  

𝜙 = 150°  𝑒 𝜃 = 139°  



𝜙 = 158°  𝑒 𝜃 = 147°  

𝜙 = 158°  𝑒 𝜃 = 147°  

𝜙 = 158°  𝑒 𝜃 = 147°  

𝜙 = 158°  𝑒 𝜃 = 147°  

𝜙 = 166°  𝑒 𝜃 = 155°  

𝜙 = 166° 𝑒 𝜃 = 155°  

𝜙 = 166°  𝑒 𝜃 = 155°  

𝜙 = 166°  𝑒 𝜃 = 155°  

𝜙 = 158° 𝑒 𝜃 = 237°  

𝜙 = 166° 𝑒 𝜃 = 245°  

𝜙 = 150° 𝑒 𝜃 = 229°  

𝜙 = 150°  𝑒 𝜃 = 229°  

𝜙 = 150°  𝑒 𝜃 = 229°  

𝜙 = 150°  𝑒 𝜃 = 229°  

𝜙 = 150°  𝑒 𝜃 = 229°  

𝜙 = 150°  𝑒 𝜃 = 229°  

𝜙 = 150°  𝑒 𝜃 = 229°  

𝜙 = 150°  𝑒 𝜃 = 229°  

𝜙 = 150°  𝑒 𝜃 = 229°  

𝜙 = 166°  𝑒 𝜃 = 245°  

𝜙 = 166°  𝑒 𝜃 = 245°  

𝜙 = 166° 𝑒 𝜃 = 245°  

𝜙 = 166°  𝑒 𝜃 = 245°  

𝜙 = 158° 𝑒 𝜃 = 327°  

𝜙 = 166° 𝑒 𝜃 = 335°  

𝜙 = 150° 𝑒 𝜃 = 319°  

𝜙 = 150°  𝑒 𝜃 = 319°  

𝜙 = 150°  𝑒 𝜃 = 319°  

𝜙 = 150°  𝑒 𝜃 = 319°  

𝜙 = 150°  𝑒 𝜃 = 319°  

𝜙 = 158°  𝑒 𝜃 = 327°  

𝜙 = 158°  𝑒 𝜃 = 327°  

𝜙 = 158°  𝑒 𝜃 = 327°  



𝜙 = 158°  𝑒 𝜃 = 327°  

𝜙 = 166°  𝑒 𝜃 = 245°  

𝜙 = 166°  𝑒 𝜃 = 245°  

𝜙 = 166°  𝑒 𝜃 = 245°  

𝜙 = 166°  𝑒 𝜃 = 245°  





𝜔
𝜔𝑒

𝜌

𝜋
𝜇
𝜙
𝜃
𝜒

𝛾
𝜆
𝛽



(𝑟0⃗⃗  ⃗, 𝑣0⃗⃗⃗⃗ , 𝑚0 ) 

(𝑟𝑓⃗⃗⃗  , 𝑣𝑓⃗⃗⃗⃗ , 𝑚𝑓) 𝑡𝑓 > 𝑡𝑜 .
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�⃗⃗� = −
1

2
𝜌𝐶𝐷𝑆𝑣𝑟𝑣 𝑟

𝜌 𝐶𝐷 𝑆 𝑣𝑟



𝜌

𝐶𝐷

𝑣𝑟

𝐶𝐷 
𝑆

𝑚⁄

0.1 𝑚2 𝑘𝑔⁄   0.001 𝑚2 𝑘𝑔⁄  

 





 

 

 

 

 

 

 



 

 







 



𝐽22



 

  

𝐶𝐷







 

(𝜃 𝑒 𝜙)



 

�⃗⃗�  =  �⃗⃗� 𝑘



𝑟 

𝑑𝑝𝑠⃗⃗  ⃗

𝑑𝑡
=  −𝐺

𝑀𝑚𝑠

|�⃗� |
3 �⃗� 

𝑑𝑝𝑑⃗⃗⃗⃗ 

𝑑𝑡
=  −𝐺

𝑀𝑚𝑑

|�⃗� + 𝑟 |
3 (�⃗� + 𝑟 )

 𝑚𝑠

 𝑚𝑑

 �⃗� 

 𝑟 

 𝑀

 𝐺

𝐹 

𝜇 = 𝐺𝑀
𝑑𝑝𝑠⃗⃗⃗⃗ 

𝑑𝑡
= 𝑚𝑠�⃗� 

𝑚𝑠�⃗� ̈ =  −
𝜇𝑚𝑠

|�⃗� |
3 �⃗� + 𝐹 

𝑚𝑑(�⃗� ̈ + 𝑟 ̈) =  −
𝜇𝑚𝑑

|�⃗� + 𝑟 |
3 (�⃗� + 𝑟 )

𝑟 ̈

𝑟 ̈ =  −2�⃗� ̈ −
𝜇

|�⃗� |
3 �⃗� −

𝜇

|�⃗� + 𝑟 |
3 (�⃗� + 𝑟 ) + 𝑓 



|𝑟 |

|�⃗� |
≪ 1

|�⃗� + 𝑟 |
−3

�⃗⃗� ≠ 0⃗ 

𝑟𝑟𝑜𝑡⃗⃗ ⃗⃗ ⃗⃗  ̈ =  −
𝜇

|�⃗� |
3 {(𝑟 −

3𝑅.⃗⃗  ⃗ 𝑟 

|�⃗� |
2 �⃗� )} + 𝑓 − 2(�⃗⃗� × 𝑟 ̇) − �⃗⃗� × (�⃗⃗� × 𝑟 ̇)

�⃗⃗� = 𝜔�⃗� 

𝑟 = (𝑥, 𝑦, 𝑧)

�⃗� = (𝑅, 0, 0)

(�⃗⃗� × 𝑟 ̇) = (−𝜔�̇�, 𝜔�̇�, 0)

�⃗⃗� × (�⃗⃗� × 𝑟 ̇) = (−𝜔2�̇�, 𝜔�̇�, 0)

�⃗� 𝑟 = 𝑅𝑦

𝜔2 =
𝜇

|�⃗� |
3

�̈� − 2𝜔�̇� − 3𝜔2 = 𝑓𝑥

�̈� + 2𝜔�̇� = 𝑓𝑦

�̈� + 𝜔2𝑧 = 𝑓𝑧



𝑓𝑥 = 𝑓𝑦 =

 𝑓𝑧 = 0

𝑥(𝑡) =  
�̇�0

𝜔
sin𝜔𝑡 − (

2�̇�0

𝜔
+ 3𝑥0) cos𝜔𝑡 + (

2�̇�0

𝜔
+ 4𝑥0)

𝑦(𝑡) =  
2�̇�0

𝜔
cos𝑤𝑡 − (

4�̇�0

𝜔
+ 6𝑥0) sin𝜔𝑡 + (𝑦0 −

2�̇�0

𝜔
) − (3�̇�0 + 6𝜔𝑥0)𝑡

𝑧(𝑡) = 𝑧0cos𝜔𝑡 +
�̇�0

𝜔
sin𝜔𝑡

(𝑥0, 𝑦0, 𝑧0)
(�̇�0, �̇�0, �̇�0) 𝑡0

(𝑡𝑐)

𝑥(𝑡) = 0, 𝑦(𝑡) = 0, 𝑧(𝑡) = 0 ⇒ 𝑟(𝑡) = 0

𝑟(𝑡) = 0

�̇�0 = 
[6𝑥0(𝜔𝑡 sin𝜔𝑡) − 𝑦0]𝜔 sin𝜔𝑡 − 2𝜔𝑥0(4 − 3 cos𝜔𝑡)(1 − cos𝜔𝑡)

(4 sin𝜔𝑡 − 3𝜔𝑡) sin𝜔𝑡 − 4(1 − cos𝜔𝑡)2

�̇�0 = −
𝜔𝑥0(4 − 3 cos𝜔𝑡) + 2(1 − cos𝜔𝑡)�̇�0

sin𝜔𝑡

�̇�0 = −
𝜔𝑧0 cos𝜔𝑡

sin𝜔𝑡



 

0 ≤ 𝜃 < 2𝜋 0 ≤ 𝜙 < 𝜋

𝑟0

𝑥0 = 𝑟0 sin𝜙 cos 𝜃

𝑦0 = 𝑟0 sin𝜙 sin 𝜃

𝑧0 = 𝑟0 cos𝜙

 1 ≤ 𝑡𝑐 ≤ 106

 𝜔

 



𝑓 𝑝 = −
1

𝑚(𝑡)
𝑣𝑒⃗⃗  ⃗

𝑑𝑀(𝑡)

𝑑𝑡
= −𝑣𝑒⃗⃗  ⃗

𝑑

𝑑𝑡
ln(𝑀(𝑡))

 𝑀(𝑡)

 𝑣𝑒⃗⃗  ⃗

𝑀(𝑡) = 𝑀 + 𝑚(𝑡)

 𝑀

 𝑚(𝑡)

(𝛾).

(𝜒)

𝑀 = 
𝜒

𝑚𝑜





𝑣 𝑒

𝑀(𝑡) = 𝑚𝑜(𝜒 + 𝑒−𝛾𝑡)

�̈� − 2𝜔�̇� − 3𝜔2 = −𝑣𝑒𝑥

𝑑

𝑑𝑡
𝑙𝑛(𝑀(𝑡))

�̈� + 2𝜔�̇� = −𝑣𝑒𝑦

𝑑

𝑑𝑡
𝑙𝑛(𝑀(𝑡))

�̈� + 𝜔2𝑧 = −𝑣𝑒𝑧

𝑑

𝑑𝑡
𝑙𝑛(𝑀(𝑡))



𝑥(𝑡) = 2𝐴 sin𝜔𝑡 − 2𝐵 cos𝜔𝑡 + 𝐸𝑡 + ∑ 𝐹𝑛𝑒
−𝑛𝛾𝑡

∞

𝑛=1

+ 𝐺

𝑦(𝑡) = 𝐴 cos𝜔𝑡 + 𝐵 sin𝜔𝑡 − ∑ 𝐶𝑛𝑒
−𝑛𝛾𝑡

∞

𝑛=1

+ 𝐷

𝑧(𝑡) = 𝐻 cos𝜔𝑡 + 𝐼 sin𝜔𝑡 − ∑ 𝐽𝑛𝑒
−𝑛𝛾𝑡

∞

𝑛=1

𝐴 =  
2�̇�0

𝜔
− 3𝑦0 +

2𝑣𝑒𝑥

𝜔
ln (

𝜒 + 1

𝜒
) − ∑

(−1)𝑛+1

𝑛𝜒𝑛
(
2𝑣𝑒𝑥

𝜔
+

𝑛𝛾𝑣𝑒𝑦

𝜔2
)

1

1 + (
𝑛𝛾
𝜔 )

2

∞

𝑛=1

𝐵 = 
�̇�0

𝜔
+

𝑣𝑒𝑦

𝜔
ln (

𝜒 + 1

𝜒
) − ∑

(−1)𝑛+1

𝑛𝜒𝑛
(
𝑣𝑒𝑦

𝜔
+

2𝑛𝛾𝑣𝑒𝑥

𝜔2
)

1

1 + (
𝑛𝛾
𝜔 )

2

∞

𝑛=1

𝐸 =  6𝜔𝑦0 − 3�̇�0 − 3𝑣𝑒𝑥 ln (
𝜒 + 1

𝜒
)

𝐹𝑛 =  
(−1)𝑛+1

𝑛𝜒𝑛
+ (

4𝑣𝑒𝑥

𝑛𝛾
+

2𝑣𝑒𝑦

𝜔
)

1

1 + (
𝑛𝛾
𝜔 )

2 − 
𝑣𝑒𝑥

𝑛𝛾

𝐺𝑛 =  2�̇�0𝜔 + 𝑥0 +
2𝑣𝑒𝑦

𝜔
ln (

𝜒 + 1

𝜒
) − ∑

(−1)𝑛+1

𝑛2𝜒𝑛

3𝑣𝑒𝑥

𝜔

∞

𝑛=1

𝐶𝑛 = 
(−1)𝑛+1

𝑛2𝜒𝑛
(𝑣𝑒𝑥 +

𝑛𝛾𝑣𝑒𝑦

𝜔2
) 

1

1 + (
𝑛𝛾
𝜔 )

2

𝐷 =  4𝑦0 −
2�̇�0

𝜔
−

2𝑣𝑒𝑥

𝜔
ln (

𝜒 + 1

𝜒
)



𝐻 = 𝑧0 + ∑
(−1)𝑛+12𝑣𝑒𝑥𝛾

𝜒𝑛𝜔2

1

1 + (
𝑛𝛾
𝜔 )

2

∞

𝑛=1

𝐼 =  
�̇�0

𝜔
−

𝑣𝑒𝑧

𝜔
ln (

𝜒 + 1

𝜒
) +

(−1)𝑛+1

𝑛2𝜒2𝜔
 𝑣𝑒𝑧  

1

1 + (
𝑛𝛾
𝜔 )

2

𝐽𝑛 = 
(−1)𝑛+1

𝑛𝜒𝑛𝜔
 𝑣𝑒𝑧  

1

1 + (
𝑛𝛾
𝜔

)
2

 



�̈� − 2𝜔�̇� − 3𝜔2 = −
1

2𝛽
(𝜔 − 𝜔𝑒)[�̇� − 𝑦(𝜔 − 𝜔𝑒)]

�̈� + 2𝜔�̇� = −
1

2𝛽
(𝜔 − 𝜔𝑒)[2(�̇� + 𝑥(𝜔 − 𝜔𝑒)) + 𝑅(𝜔 − 𝜔𝑒)]

�̈� + 𝜔2𝑧 = −
1

2𝛽
(𝜔 − 𝜔𝑒)�̇�

𝛽 = (
𝐶𝑑𝐴𝑅𝜌

𝑚
)
−1

 𝐶𝑑

 𝐴

 𝜌

 𝑚

�̈� + 𝐴�̇� − 𝐵𝑥 − 𝐶�̇� − 𝐷𝑦 = 0

�̈� + 2𝐴�̇� + 𝐶�̇� + 2𝐷𝑥 − 𝐸 = 0

�̈� + 𝐴�̇� + 𝐹𝑧 = 0

𝐴 = 𝜔′′

𝐵 = 3𝜔2

𝐶 = 2𝜔

𝐷 = 𝜔′𝜔′′

𝐸 = 𝑅𝜔′



𝐹 = 𝜔2

𝜔′′ =
𝜔′

2𝛽

𝜔′ = 𝜔 − 𝜔𝑒

�̈� + 𝐴1�̇� + 𝐴2𝑥 + �̈� + 𝐴3�̇� + 𝐴4𝑦 − 𝐸 = 0

𝜆2

�̈� + 𝐴1�̇� + 𝐴2𝑥 = − �̈� − 𝐴3�̇� − 𝐴4𝑦 + 𝐸 = −𝜆2

𝐴1 = 𝐴 + 𝐶

𝐴2 = 2𝐷 − 𝐵

𝐴3 = 2𝐴 − 𝐶

𝐴4 = −𝐷

𝑥(𝑡) =  
1

(𝑘𝑥1 − 𝑘𝑥2)
[�̇�0(𝑒

𝑘𝑥1𝑡 − 𝑒𝑘𝑥2𝑡) + (𝑥0 +
𝜆2

𝐴2
) (𝑘𝑥1𝑒

𝑘𝑥2𝑡 − 𝑘𝑥2𝑒
𝑘𝑥1𝑡)] −

𝜆2

𝐴2

𝑦(𝑡) =  
1

(𝑘𝑦1 − 𝑘𝑦2)
[�̇�0(𝑒

𝑘𝑦1𝑡 − 𝑒𝑘𝑦2𝑡) + (𝑦0 +
𝜆𝑦

𝐴4
) (𝑘𝑦1𝑒

𝑘𝑦2𝑡 − 𝑘𝑦2𝑒
𝑘𝑦1𝑡)] −

𝜆𝑦

𝐴4

𝑧(𝑡) =  𝑒
−𝐴𝑡
2 [𝑘𝑧1 cos𝑘𝑡 + 𝑘𝑧2 sin 𝑘𝑡]



�̇�(𝑡) =  
1

(𝑘𝑥1 − 𝑘𝑥2)
[�̇�0(𝑘𝑥1𝑒

𝑘𝑥2𝑡 − 𝑘𝑥2𝑒
𝑘𝑥1𝑡) + 𝑘𝑥1𝑘𝑥2 (𝑥0 +

𝜆2

𝐴2
) (𝑒𝑘𝑥2𝑡 − 𝑒𝑘𝑥1𝑡)]

�̇�(𝑡) =  
1

(𝑘𝑦1 − 𝑘𝑦2)
[�̇�0(𝑘𝑦1𝑒

𝑘𝑦2𝑡 − 𝑘𝑦2𝑒
𝑘𝑦1𝑡) + 𝑘𝑦1𝑘𝑦2 (𝑦0 +

𝜆𝑦

𝐴4
) (𝑒𝑘𝑦2𝑡 − 𝑒𝑘𝑦1𝑡)]

�̇�(𝑡) =  𝑒
−𝐴𝑡
2 [(𝑘𝑧2 − 

𝑘𝑧1

2
) cos𝑘𝑧3𝑡− (𝑘𝑧1 + 

𝑘𝑧2

2
) sin 𝑘𝑧3𝑡]

𝜆𝑦 = 𝜆2 + 𝐴5

𝑘𝑥1 = −

(𝐴1 + √𝐴1
2 − 4𝐴2)

2

𝑘𝑥2 = −

(𝐴1 − √𝐴1
2 − 4𝐴2)

2

𝑘𝑦1 =

(𝐴3 + √𝐴3
2 − 4𝐴4)

2

𝑘𝑦2 =

(𝐴3 − √𝐴3
2 − 4𝐴4)

2

𝑘𝑧1 = −
(𝐴 + √𝐴2 − 4𝐹)

2

𝑘𝑧1 = −
(𝐴 − √𝐴2 − 4𝐹)

2

𝑘𝑧3 =
√4𝐹 − 𝐴2

2



 

�̈� − 2𝜔�̇� + 3𝜔2 = −𝑣𝑒𝑥

𝑑

𝑑𝑡
𝑙𝑛(𝑀(𝑡)) −

1

2𝛽
(𝜔 − 𝜔𝑒)(�̇� − 𝑦(𝜔 − 𝜔𝑒))

�̈� + 2𝜔�̇� = −𝑣𝑒𝑦

𝑑

𝑑𝑡
𝑙𝑛(𝑀(𝑡)) −

1

2𝛽
(𝜔 − 𝜔𝑒)[2(�̇� + 𝑥(𝜔 − 𝜔𝑒)) + 𝑅(𝜔 − 𝜔𝑒)]

�̈� + 3𝜔2𝑧 = −𝑣𝑒𝑧

𝑑

𝑑𝑡
𝑙𝑛(𝑀(𝑡)) −

1

2𝛽
(𝜔 − 𝜔𝑒)�̇�

𝑒−𝛾𝑡

𝜒
≪ 1

𝑆𝐺 = 𝑆𝐻 + 𝑆𝑃

𝑆𝐻 𝑆𝑃

�̈� + 𝐴1�̇� + 𝐴2𝑥 = 𝐴𝑥𝛾𝑣𝑒𝑥 ∑
(−1)𝑛+1𝑒−𝑛𝛾𝑡

𝜒𝑛

∞

𝑛=1

 �̈� + 𝐴3�̇� + 𝐴4𝑦 − 𝐸 = 𝐴𝑦𝛾𝑣𝑒𝑦 ∑
(−1)𝑛+1𝑒−𝑛𝛾𝑡

𝜒𝑛

∞

𝑛=1

 �̈� + 𝐴�̇� + 𝐹𝑧 = 𝐴𝑧𝛾𝑣𝑒𝑧 ∑
(−1)𝑛+1𝑒−𝑛𝛾𝑡

𝜒𝑛

∞

𝑛=1



𝐴𝑥 𝐴𝑦 𝐴𝑧

𝐴𝑥 =
1

𝛾2𝑛2 − 𝐴1𝑛𝛾 + 𝐴2

𝐴𝑦 =
1

𝛾2𝑛2 − 𝐴3𝑛𝛾 + 𝐴4

𝐴𝑧 =
1

𝛾2𝑛2 − 𝐴𝑛𝛾 + 𝐹

𝑥(0) =  𝑥0 �̇�(0) =  �̇�0

𝑥(𝑡) = 𝑐1𝑒
𝑘𝑥1𝑡 + 𝑐2𝑒

𝑘𝑥2𝑡 + 𝛾𝑣𝑒𝑥 ∑
(−1)𝑛+1𝑒−𝑛𝛾𝑡

𝜒𝑛(𝛾2𝑛2 − 𝐴1𝑛𝛾 + 𝐴2)

∞

𝑛=1

𝑦(𝑡) = 𝑐3𝑒
𝑘𝑦1𝑡 + 𝑐4𝑒

𝑘𝑦2𝑡 + 𝛾𝑣𝑒𝑦 ∑
(−1)𝑛+1𝑒−𝑛𝛾𝑡

𝜒𝑛(𝛾2𝑛2 − 𝐴3𝑛𝛾 + 𝐴4)

∞

𝑛=1

𝑧(𝑡) = 𝑒
−𝐴𝑡
2 [𝑐5 cos 𝑘𝑧3𝑡− 𝑐6sin 𝑘𝑧3𝑡] + 𝛾𝑣𝑒𝑧 ∑

(−1)𝑛+1𝑒−𝑛𝛾𝑡

𝜒𝑛(𝛾2𝑛2 − 𝐴𝑛𝛾 + 𝐹)

∞

𝑛=1

𝑐1 = 𝑥0 − (
1

𝑘𝑥2 − 𝑘𝑥1
) (�̇�0 − 𝑥0𝑘𝑥1 + 𝛾𝑣𝑒𝑥 ∑

(𝛾𝑛 + 𝑘𝑥2)(−1)𝑛+1

𝜒𝑛(𝛾2𝑛2 − 𝐴1𝑛𝛾 + 𝐴2)

∞

𝑛=1

)

𝑐2 = (
1

𝑘𝑥2 − 𝑘𝑥1
) (�̇�0 − 𝑥0𝑘𝑥1 + 𝛾𝑣𝑒𝑥 ∑

(𝛾𝑛 + 𝑘𝑥1)(−1)𝑛+1

𝜒𝑛(𝛾2𝑛2 − 𝐴1𝑛𝛾 + 𝐴2)

∞

𝑛=1

)



𝑐3 = 𝑦0 − (
1

𝑘𝑦2 − 𝑘𝑦1
)(�̇�0 − 𝑦0𝑘𝑦1 + 𝛾𝑣𝑒𝑦 ∑

(𝛾𝑛 + 𝑘𝑦2)(−1)𝑛+1

𝜒𝑛(𝛾2𝑛2 − 𝐴3𝑛𝛾 + 𝐴4)

∞

𝑛=1

−
𝐸𝑚2

𝐷
)

𝑐4 = (
1

𝑘𝑦2 − 𝑘𝑦1
)(�̇�0 − 𝑦0𝑘𝑦1 + 𝛾𝑣𝑒𝑦 ∑

(𝛾𝑛 + 𝑘𝑦1)(−1)𝑛+1

𝜒𝑛(𝛾2𝑛2 − 𝐴3𝑛𝛾 + 𝐴4)

∞

𝑛=1

−
𝐸𝑚1

𝐷
)

𝑐5 = (𝑧0 − 𝛾𝑣𝑒𝑥 ∑
(−1)𝑛+1

𝜒𝑛(𝛾2𝑛2 − 𝐴𝑛𝛾 + 𝐹)

∞

𝑛=1

)

𝑐1 = (�̇�0 + 𝐴(𝑧0 − 𝛾𝑣𝑒𝑥 ∑
(−1)𝑛+1

𝜒𝑛(𝛾2𝑛2 − 𝐴𝑛𝛾 + 𝐹)

∞

𝑛=1

))

𝑘𝑥1 = −

(𝐴1 + √𝐴1
2 − 4𝐴2)

2

𝑘𝑥2 = −

(𝐴1 − √𝐴1
2 − 4𝐴2)

2

𝑘𝑦1 =

(𝐴3 + √𝐴3
2 − 4𝐴4)

2

𝑘𝑦2 =

(𝐴3 − √𝐴3
2 − 4𝐴4)

2

𝑘𝑧3 =
√4𝐹 − 𝐴2

2

𝐴1 = 𝐴 + 𝐶

𝐴2 = 2𝐷 − 𝐵



𝐴3 = 2𝐴 − 𝐵

𝐴4 = −𝐷

𝐴 = 𝑤′′

𝐵 = 3𝑤2

𝐶 = 2𝑤

𝐷 = 𝑤′𝑤′′

𝐸 = 𝑅𝑤′

𝐹 = 𝑤2

𝑤′′ =
𝑤′

2𝛽

𝑤′ = 𝑤 − 𝑤𝑒

 



 



𝑂(𝑛2)
1,98 × 108

 

𝑡𝑐

𝑟0

0 ≤ 𝜃 < 2𝜋 0 ≤ 𝜙 < 𝜋 𝑡𝑐
𝜃 𝜙

𝜔



𝑡𝑐

𝑟(𝑡𝑐) =  √𝑥2 + 𝑦2 + 𝑧2

𝑟(0)
𝑡𝑐 = 0

𝑟0

|𝑟 |

|�⃗� |
≪ 1

𝑟 < �⃗� 𝑡𝑐
𝜃 𝜙

𝑡𝑡 𝑡𝑐 𝑟 > �⃗� 

𝑟 < �⃗� 

𝑟 < �⃗� 

𝑟 < �⃗� 

𝑡𝑡 𝑡𝑐 𝑟 𝑚𝑎𝑥

𝑟 𝑚𝑎𝑥 < �⃗� 

𝑡𝑐 = 2667𝑠 𝑟 𝑚𝑎𝑥 �⃗� 𝑡𝑡 = 5𝑠
𝑟 𝑚𝑎𝑥

𝑟 𝑚𝑎𝑥 < �⃗� 𝑡𝑡
𝑡𝑡 = 5𝑠

 

𝑡𝑐 𝜃 𝜙



𝑟(𝑡𝑐) = 0

𝑟(𝑡𝑐) > 0
𝑟(𝑡𝑐).

𝑡𝑐

𝑡𝑐
(𝑟(𝑡𝑐) =  √𝑥2 + 𝑦2 + 𝑧2)
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𝑡𝑝

 𝑡𝑝

 

𝑡𝑝

𝑡𝑝 = 500𝑠
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 que chamaremos doravante de “constante de 

desacoplamento”, 



















00-10 10-25 25-40 40-55 55-75 75-85 85-110 110-200

=00 553 5360 12728 30611 51833 24488 38937 162195

=100 624 5451 12997 30846 54702 22693 45219 154173

=200 802 5718 13930 32542 59636 18054 56310 139713

=300 1024 6181 15618 38750 60740 8369 65341 196023

=400 1177 6844 18449 47421 56791 14304 51037 196023

=500 1168 7564 23237 57983 48735 40323 60774 217603

=600 1108 8004 29325 64282 46293 41011 69007 198357

=700 1191 7583 22219 56975 49116 39212 57469 223622

=800 1049 6245 15636 38506 60653 8593 65341 196023

=900 0 4630 10677 27786 34186 29334 24069 138454

=1000 0 1029 7339 14464 34651 7858 49139 81543
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Possibilidade de Colisões em função do 
para diferentes faixas de velocidades iniciais.
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𝜙 = 150°  𝑒 𝜃 = 49°

𝜙 = 76°  𝑒 𝜃 = 245°

𝜙 = 76°  𝑒 𝜃 = 155°



𝜙 = 60°  𝑒 𝜃 = 229°

𝜙 𝜃





 





 

 





http://www.esa.int/Our_Activities/Operations/Space_Debris/About_space_debris
http://www.esa.int/Our_Activities/Operations/Space_Debris/About_space_debris
http://global.jaxa.jp/about/history/index.html


http://nssdc.gsfc.nasa.gov/nmc/spacecraftDisplay.do?id=1998-067A
http://orbitaldebris.jsc.nasa.gov/newsletter/pdfs/ODQNv19i1.pdf


http://www.nasa.gov/audience/forstudents/k-4/stories/what-is-orbital-debris-k4.html#.VXnSpUaLVZg
http://www.nasa.gov/audience/forstudents/k-4/stories/what-is-orbital-debris-k4.html#.VXnSpUaLVZg




𝜙 = 68° 𝑒 𝜃 = 57°

𝜙 = 60° 𝑒 𝜃 = 49°



𝜙 = 76°  𝑒 𝜃 = 65°

 𝝓 = 𝟔𝟎°  𝒆 𝜽 = 𝟒𝟗°

𝜙 = 60°  𝑒 𝜃 = 49°

𝜙 = 60°  𝑒 𝜃 = 49°



𝜙 = 60°  𝑒 𝜃 = 49°

𝜙 = 60°  𝑒 𝜃 = 49°

𝝓 = 𝟔𝟖°  𝒆 𝜽 = 𝟓𝟕°

𝜙 = 68°  𝑒 𝜃 = 57°



𝜙 = 68°  𝑒 𝜃 = 57°

𝜙 = 68°  𝑒 𝜃 = 57°

𝜙 = 68°  𝑒 𝜃 = 57°



𝝓 = 𝟕𝟔°  𝒆 𝜽 = 𝟔𝟓°

𝜙 = 76°  𝑒 𝜃 = 65°

𝜙 = 76°  𝑒 𝜃 = 65°

𝜙 = 76°  𝑒 𝜃 = 65°



𝜙 = 76°  𝑒 𝜃 = 65°

𝜙 = 68° 𝑒 𝜃 = 147°

𝜙 = 60°  𝑒 𝜃 = 139°



𝜙 = 76°  𝑒 𝜃 = 155°

𝝓 = 𝟔𝟎°  𝒆 𝜽 = 𝟏𝟑𝟗°

𝜙 = 60°  𝑒 𝜃 = 139°

𝜙 = 60°  𝑒 𝜃 = 139°



𝜙 = 60°  𝑒 𝜃 = 139°
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𝜙 = 76° 𝑒 𝜃 = 245°



𝜙 = 60° 𝑒 𝜃 = 229°

𝝓 = 𝟔𝟎°  𝒆 𝜽 = 𝟐𝟐𝟗°

𝜙 = 60°  𝑒 𝜃 = 229°

𝜙 = 60°  𝑒 𝜃 = 229°



𝜙 = 60°  𝑒 𝜃 = 229°
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𝜙 = 76° 𝑒 𝜃 = 335°
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𝜙 = 68°  𝑒 𝜃 = 327°
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𝝓 = 𝟕𝟔°  𝒆 𝜽 = 𝟑𝟑𝟓°



𝜙 = 76°  𝑒 𝜃 = 335°

𝜙 = 76°  𝑒 𝜃 = 335°

𝜙 = 76°  𝑒 𝜃 = 335°



𝜙 = 76°  𝑒 𝜃 = 335°

𝜙 = 158° 𝑒 𝜃 = 57°

𝜙 = 166° 𝑒 𝜃 = 65°



𝜙 = 150° 𝑒 𝜃 = 49°

𝝓 = 𝟏𝟓𝟎°  𝒆 𝜽 = 𝟒𝟗°

𝜙 = 150°  𝑒 𝜃 = 49°

𝜙 = 150°  𝑒 𝜃 = 49°



𝜙 = 150°  𝑒 𝜃 = 49°

𝜙 = 150°  𝑒 𝜃 = 49°

𝝓 = 𝟏𝟓𝟖°  𝒆 𝜽 = 𝟓𝟕°

𝜙 = 158°  𝑒 𝜃 = 57°



𝜙 = 158°  𝑒 𝜃 = 57°

𝜙 = 158°  𝑒 𝜃 = 57°

𝜙 = 158°  𝑒 𝜃 = 57°

𝝓 = 𝟏𝟔𝟔°  𝒆 𝜽 = 𝟔𝟓°



𝜙 = 166°  𝑒 𝜃 = 65°

𝜙 = 166°  𝑒 𝜃 = 65°

𝜙 = 166°  𝑒 𝜃 = 65°



𝜙 = 166°  𝑒 𝜃 = 65°

𝜙 = 158° 𝑒 𝜃 = 147°

𝜙 = 166° 𝑒 𝜃 = 155°



𝜙 = 150° 𝑒 𝜃 = 139°

𝝓 = 𝟏𝟓𝟎°  𝒆 𝜽 = 𝟏𝟑𝟗°

𝜙 = 150°  𝑒 𝜃 = 139°

𝜙 = 150°  𝑒 𝜃 = 139°



𝜙 = 150°  𝑒 𝜃 = 139°

𝜙 = 150°  𝑒 𝜃 = 139°

𝝓 = 𝟏𝟓𝟖°  𝒆 𝜽 = 𝟏𝟒𝟕°

𝜙 = 158°  𝑒 𝜃 = 147°



𝜙 = 158°  𝑒 𝜃 = 147°

𝜙 = 158°  𝑒 𝜃 = 147°

𝜙 = 158°  𝑒 𝜃 = 147°

𝝓 = 𝟏𝟔𝟔°  𝒆 𝜽 = 𝟏𝟓𝟓°



𝜙 = 166°  𝑒 𝜃 = 155°

𝜙 = 166° 𝑒 𝜃 = 155°

𝜙 = 166°  𝑒 𝜃 = 155°



𝜙 = 166°  𝑒 𝜃 = 155°

𝜙 = 158° 𝑒 𝜃 = 237°

𝜙 = 166° 𝑒 𝜃 = 245°



𝜙 = 150° 𝑒 𝜃 = 229°

𝝓 = 𝟏𝟓𝟎°  𝒆 𝜽 = 𝟐𝟐𝟗°

𝜙 = 150°  𝑒 𝜃 = 229°

𝜙 = 150°  𝑒 𝜃 = 229°



𝜙 = 150°  𝑒 𝜃 = 229°

𝜙 = 150°  𝑒 𝜃 = 229°

𝝓 = 𝟏𝟓𝟖°  𝒆 𝜽 = 𝟐𝟑𝟕°

𝜙 = 150°  𝑒 𝜃 = 229°



𝜙 = 150°  𝑒 𝜃 = 229°

𝜙 = 150°  𝑒 𝜃 = 229°

𝜙 = 150°  𝑒 𝜃 = 229°

𝝓 = 𝟏𝟔𝟔°  𝒆 𝜽 = 𝟐𝟒𝟓°



𝜙 = 166°  𝑒 𝜃 = 245°

𝜙 = 166°  𝑒 𝜃 = 245°

𝜙 = 166° 𝑒 𝜃 = 245°



𝜙 = 166°  𝑒 𝜃 = 245°

𝜙 = 158° 𝑒 𝜃 = 327°

𝜙 = 166° 𝑒 𝜃 = 335°



𝜙 = 150° 𝑒 𝜃 = 319°

𝝓 = 𝟏𝟓𝟎°  𝒆 𝜽 = 𝟑𝟏𝟗°

𝜙 = 150°  𝑒 𝜃 = 319°

𝜙 = 150°  𝑒 𝜃 = 319°



𝜙 = 150°  𝑒 𝜃 = 319°

𝜙 = 150°  𝑒 𝜃 = 319°

𝝓 = 𝟏𝟓𝟖°  𝒆 𝜽 = 𝟑𝟐𝟕°

𝜙 = 158°  𝑒 𝜃 = 327°



𝜙 = 158°  𝑒 𝜃 = 327°

𝜙 = 158°  𝑒 𝜃 = 327°

𝜙 = 158°  𝑒 𝜃 = 327°

𝝓 = 𝟏𝟔𝟔°  𝒆 𝜽 = 𝟐𝟒𝟓°



𝜙 = 166°  𝑒 𝜃 = 245°

𝜙 = 166°  𝑒 𝜃 = 245°

𝜙 = 166°  𝑒 𝜃 = 245°



𝜙 = 166°  𝑒 𝜃 = 245°


